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Abstract 
Real estate investment involves a complicated decision making process for 
developers, who are the main suppliers in the real estate market. The tim-
ing and capacity decision are essentially important for real estate developers 
while they want to invest in a real estate project. However, the existing liter-
atures in the area of investment time or capacity choice do not focus on the 
real estate market or ignore some special features of real estate projects, espe-
cially the cases in Hong Kong. In order to push the academic research closer 
to the practice, we try to develop a general framework in hope to assist the 
developers in making decisions on their investment time and capacity choice 
so that their final profit can be maximized without violating the characteris-
tics in the real estate market. Meanwhile, the selling strategy will also affect 
the revenue of the real estate project, thus it is also important to take it into 
consideration. As a result, we introduce a pre-sale strategy in our model. A 
developer can start the pre-sale strategy at the beginning of the construction 
i 
period of the real estate project. This strategy follows Deng, Feng and Li's 
spirit. In contrast to other studies that control the selling prices, our model 
optimizes the sales admission control and allows the developer to adjust her 
selling price based on the reference selling price and her remaining capacity 
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The investment in a real estate project is influenced by many 
economic and pol i t ica l factors. Some of the factors are not easy 
to be est imated or quantif ied. As a result, i t is a very challeng-
ing issue for decision makings on a real estate project . Different 
cities may have different market behaviors in the real estate area. 
Even in the same city, different classes of real estate projects may 
also have its unique features. I t is impossible for us to discuss 
them case by case. In our research, we t r y to introduce a gen-
eral f ramework for decision making on the t im ing and capacity 
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choice of a real estate project . We main ly focus on the markets 
w i t h t i m i n g and capacity constraints, especially the Hong Kong 
market , wh ich is ignored in the research l i terature. 
I n the area of real estate, basically there are two kinds of land 
management systems, which are freehold system and leasehold 
system, under the freehold system, a developer buys the land 
f rom the government and she becomes the owner of the land. 
This developer can use the land forever provided tha t she has 
to comply w i t h the rules and constraints imposed by the local 
government. Under the leasehold system, the government is the 
owner of the land and the developer just can rent the land for 
a certain period. Hong Kong is a typical example. Hong Kong 
has been using the leasehold system of land management sincc 
its colonial era. Under the leasehold system, the government is 
always the owner of all the lands in Hong Kong and i t controls 
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the use of leased land th rough the contracts or the leasehold 
condi t ions. A f t e r the signature of the contract , the lessee or the 
developer has the r ight to use the land w i t h i n a specified per iod 
under the lease condi t ions. For the previous leases, the old lease 
t e r m maybe n inety nine or seventy five years, however, the new 
leases of land are granted for a t e rm of fifty years now. A f te r the 
lease te rm， t he developer may apply for renewing the contract . 
However, the success in the appl icat ion is not guaranteed. 
To ensure the o p t i m u m use of lands w i t h i n the f ramework 
of development plans in the city, lease condi t ions always con-
ta in requirements wh ich contro l the use and the extent of the 
development. For instant , A bu i ld ing covenant requires tha t 
the developer must star t construct ion w i t h i n a specified period. 
Generally, the per iod is for ty eight months. Of course, i t is 
negotiable for some large projects. I n order to make sure the 
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reasonable supply of the properties in the market and support 
the fu ture development of the city, the lease condit ions l im i t 
the m a x i m u m and m i n i m u m bui ld ing capacity for a real estate 
project . As a result, the developer must obey the requirements 
in the contract when she start the real estate project . I t means 
tha t the wa i t ing per iod for s tar t ing the construct ion is over a 
finite t ime hor izon but not an inf in i te t ime hor izon and the ca-
paci ty choice should be w i t h i n the given feasible interval. Ac-
tual ly, these features are ignored by the exist ing models in the 
real estate l i terature. 
Apa r t f rom these, real estate investment is a lumpy invest-
ment. The capacity decision has to be made concurrent ly and 
simultaneously when the t im ing of development is decided. Once 
the capacity choice is made, i t is not feasible to change i t dur ing 
the construct ion. The bui ld ing capacity should be supported 
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by the s t ructure of the bui ld ing, such as the foundat ion and 
the floor plate. Once the foundat ion and the floor plate of the 
bu i ld ing are set, i t is not feasible to increase the capacity of the 
bu i ld ing because of the technical constraints. Even Though the 
capacity can be increased, the cost w i l l be extremely high. In 
addi t ion, the final decision on the bu i ld ing capacity should be 
reported to the government. The change in the capacity should 
be approved by the government and no one can guarantee for 
the success in the approvement. As a result, i t makes sense for 
making the assumption tha t the investment t ime and capacity 
choice should be decided at the same t ime and our model also 
follows this assumption. 
T ime- to -bu i ld effect is another feature for a real estate project. 
I t takes t ime to construct a bui lding. MacRae, K . M (1989) in-
dicates tha t the construct ion t ime for a power generating plant 
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takes 6 to 10 years. Whea t on, W i l l i a m (1987) reports tha t 
the const ruc t ion t ime for a office bu i ld ing is between 18 to 24 
months. D u r i n g th is per iod, developers cannot observe the ex-
act value of a bu i ld ing and they need to face the uncertaint ies 
about the factors wh ich may affect the market supply, demand， 
house price and so for th . I t is the so called T ime- to -bu i l d effect 
and i t increases the dif f icult ies for decision mak ing on the real 
estate pro ject . 
I n order to min imize the value f luc tuat ion, demand uncer-
taint ies and other r isk factors dur ing the const ruct ion per iod, 
some developers use the pre-sale strategy. Pre-sale strategy is 
commonly accepted in many cities. Hong Kong and main land 
Chain is an example. I f the houses are sold under the pre-sale 
strategy in i t ia l ly , i t may fix the revenue against any price de-
preciat ion in the fu ture for a developer. A real estate project 
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requires a large amount of investment. Pre-sale can be regarded 
as a f inancing method. Actual ly , pre-sale does not only benefit 
the developers, bu t also benefit the customers. I t can also help 
the customers to hedge against the price appreciat ion in the 
future. As a result, the pre-sale strategy is prevalent in some 
markets. We also assume tha t the developer w i l l pre sale their 
houses or flats once the the project is started. 
Actua l ly , many developers keep lands on hand and they have 
to decide on the t im ing and capacity choice for their real estate 
project. The decision for these two variables are essentially im-
por tant for a developer. As we all know, the house price and the 
construct ion cost change over t ime. A a result, the decision on 
the t im ing and capacity decision w i l l to ta l l y influence the f inal 
prof i t of a real estate project. A l though the researches in the 
investment t ime and capacity choice have been started for more 
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t han twenty years, they do not forces on the real estate markets. 
U n t i l recent years, some papers, such as Y u m i n g L i (1999) and 
Ch i l l Youngqiang and Sing T ien Foo(2004), t r y to research in 
the real estate market , but they st i l l ignore some special fea-
tures indicated above for the real estate pro ject , especially the 
case in Hong Kong. We developed a general f ramework for the 
decision mak ing on a real estate project concerning the op t ima l 
bu i ld ing capacity and the s tar t ing t ime of the project . I n our 
model, we take these features and the constraints specified in 
the lease contract into consideration. We develop the model for 
the t i m i n g and capacity decision on the real estate project over 
a finite horizon. The capacity choice in our model should be 
w i t h i n a feasible range set by the government. These settings 
are more realistic. We assume that the developer w i l l start the 
pre-sale strategy whi le the start of the construct ion. This pre-
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sale strategy follows Deng, Feng and Li 's spir i t . I t is possible for 
the developer to adjust the selling price base on the reference 
price in the market . The current real estate market is no longer 
a monopoly market and i t is also not a perfect ly compet i t ive 
market , therefore, i t is actual ly possible for a developer to have 
a l i t t le b i t feasibi l i ty to adjust her own selling price base on the 
reference price. The reference price can be the house price index 
or the spot price of a comparable bui ld ing. 
The organizat ion of the thesis is as follows. Section 2 gives 
a l i terature review. We w i l l point out the strengthes and the 
weaknesses for the exist ing models in the l i terature. We wi l l 
also introduce the recent development of the house price index. 
The model sett ing and formulat ion are discussed in detai l in 
Section 3. A n d then, we w i l l do a numerical analysis and gain 
insights into our model through a numerical example in Section 
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4. Final ly , we w i l l summarized this thesis and our research in 
Section 5, wh ich is the conclusion. 
• End of chapter. 
Chapter 2 
Literature Review 
The t i m i n g of investment and the bu i ld ing capacity of a real 
estate project are two major decisions for a land developer. The 
change of these two decisions w i l l to ta l l y affect the prof i t of a 
developer. Actua l ly , the study of investment t ime or capacity 
decision has been started for More than twenty years. However, 
seldom studies can focus on the real estate market, especially the 
Hong Kong market. Some of the studies t r y to apply a general 
model into this market but they usually ignore some special 
11 
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characterist ics in the real estate market . T ime- to -bu i l d effect 
should be considered for a real estate project . The assumption 
about the level of compet i t ion in the market , which w i l l affect 
the set t ing of the price, is a concern in the l i terature too. We 
w i l l also review the development of the house price index in this 
part . 
I n the area of investment t ime, the t rad i t iona l net present 
value rules for project budget ing are one of the common and 
easy methods for the decision of the t ime of investment in a 
project . The project should be started immediate ly i f the net 
present value of the cash flow is positive. Under such rules, all 
the fu ture cash flows, including the revenue and cost, are as-
sumed to be known and they should occur at the certain points 
of t ime over the t ime horizon. However, i t is not suitable for the 
the area of real estate as the housing price and construct ion cost 
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is usual ly not determinist ic. McDoald, R. and D. Siegel (1984) 
improves the t rad i t iona l rules and analyzes the investment t ime 
problem under uncertainty. I t assumed tha t the project is irre-
versible once i t is started, which is a reasonable assumption and 
i t is commonly adopted in the real estate l i terature. Joseph T . 
Wi l l i ams (1993) applies the real opt ion approach to derive an 
equ i l ib r ium set of exercise strategies for a fixed number of real 
estate developers and the equi l ibr ium development is symmet-
ric and simultaneous. In the equi l ibr ium, all developers bu i ld 
at a f ixed m a x i m u m feasible rate after the project income is 
above the switching point , otherwise, do nothing. The opt imal 
switching point is increasing in the elasticity of demand, the 
max imum rate of development and the depreciat ion rate of the 
exist ing assets. I t is decreasing in the supply of the relative new 
assets and the number of identical owners of undeveloped as-
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sets. Dennis C P O Z Z A and Yuming L i (1994) develops a general 
formulat ion, using an opt imal -s topping approach, for analyzing 
the decision to replace durable capi tal under uncer ta inty whi le 
h igh l ight ing the role of variable intensity. I t applies the model 
to land-use decisions and show that the ab i l i ty or vary inten-
sity interacts w i t h the t iming, taxes, and project value. The 
op t ima l investment t ime occurs when the addi t ional revenue ex-
ceeds the oppor tun i t y cost of capital for the stochastic revenue 
case. Yuming L i (1999) is an extension of Dennis C P O Z Z A and 
Yuming L i (1994). I t focuses on the emerging markets where a 
central planner must determine the t im ing and intensity of land 
development. 
Compar ing w i t h the t rad i t iona l net present value rules, they 
provide a more realistic approach for the t im ing of investment. 
However, they just consider the case of inf in i te t ime horizon. In 
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such models, there is no t ime constraints for the developer to 
start the real estate project . Actual ly , i t is not t rue in some es-
tate markets. Hong Kong is an typ ica l example. To ensure 
the o p t i m u m use of lands w i t h i n the f ramework of develop-
ment plans of the government, a bu i ld ing covenant requires tha t 
the developer must start construct ion w i t h i n a specified period; 
therefore, the wa i t ing t ime for investment in Hong Kong is over 
the finite t ime hor izon instead of the inf in i te case. I f the devel-
oper can not start the project on or before the ma tu r i t y of the 
star ing t ime in the contract due to some special cases, she may 
t r y to negotiate w i t h the government for postponement of the 
real estate project . For example, i f the general economy in the 
ci ty changes extremely and suddenly after signing the contract 
w i t h the government , like the 1997 financial crisis in Asian, re-
sul t ing in a rapid decrease in the demand and a large amount 
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of lose for the star t of the project , the developer may t r y to 
negotiate w i t h the government for the postponement. However, 
there is no one can guarantee tha t the negot iat ion must be suc-
cessful. As a result, for project p lanning at the in i t ia l t ime, we 
have to consider the finite t ime horizon but not the inf in i te t ime 
horizon. 
The study of capacity choice cover many areas. Keindorfer 
P., D. J. and C. Ferndado. (2001), and Chau H. and Hunt ing-
ton.(1998) consider the capacity choice in the electr ic i ty market. 
Brown, A . 〇 . a n d H. Lee. (1997) focused on the semi-conductors 
industry. Rol f Hel lermann (2006) applied the theories of capac-
i ty options in the air cargo industry. Wi l l iams (1993), Dennis 
C P O Z Z A and Yuming L i (1994) and Yuming L i (1999) consider 
the capacity decision on the real estae market. 
Some papers assume that the capacity can be changed over 
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t ime even the projected is started. Pindyck, R.(1988) is an 
example and i t assumes tha t the investment is incremental and 
the firm may change the capacity flexibly after the start of the 
investment. Th is assumption is reasonable for the product ion 
in a factory. As the product ion line is ready in the factory and 
the raw materials are easy to be obtained, the capacity of the 
product ion can be changed easier over t ime. However, i t is not 
t rue in the real estate industry. The structure of the foundat ion 
and the bu i ld ing is a main consideration for a real estate project 
dur ing planning. The capacity of the construct ion must be take 
in to consideration for the design of the structure. Once the 
project is started, i t is not easy to change the capacity due to 
the technical concern. 
Joseph T . Wi l l iams (1993), Dennis C P O Z Z A and Yuming 
L i (1994) and Yuming L i (1999) assume tha t the investment 
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t ime and capacity choice should be made simultaneously. Ch iu 
Youngqiang and Sing T ien Foo(2004) also fol low this assump-
t ion. I t is the so called lumpy investment. Actua l ly , lumpy 
investment is more suitable for land use. The developers should 
make decision for the investment t ime and the capacity of the 
bu i ld ing simultaneously. Once the construct ion is decided to 
start , i t is very di f f icul t to change the capacity of the bu i ld ing 
because of the foundat ion and floor plate design, and the tech-
nical constraints. Joseph T . Wi l l iams (1993) also assume that 
each developer should bu i ld at a fixed max imum rate. The fixed 
max imum capacity choice is independent of all other factors, 
which is different f rom C P O Z Z A and Y i im ing L i (1994), Yuming 
L i (1999) Ch i l l Youngqiang and Sing T ien Foo (2004) .CPOZZA 
and Yuming L i (1994), Yuming L i (1999) assume tha t the ca-
pacity choice is interact w i t h t im ing and the project value. Ch iu 
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Youngqiang and Sing T ien Foo (2004) define the capacity vari-
able as endogenous funct ion of demand and supply of the unde-
veloped lands. However, al l of them ignore the m a x i m u m and 
m i n i m u m capacity constraints specified by the government. In 
order to ensure the supply of the houses or flats in the market , 
the government may impose a m i n i m u m bu i ld ing capacity for 
a real estate project . Due to the p lanning of the urban devel-
opment, the the constraint for the max imum bui ld ing capacity 
is reasonable. For example, i f the land is in the area of the air 
route, this bu i ld ing can not be too high because of the concern 
on the safety of the air navigation, the upper bound and lower 
bound of the capacity choice are taken into consider ra t ion in 
our model. 
The t ime- to-bu i ld effect is also an impor tan t problem in the 
study of real estate. The so called t ime- to-bu i ld effect is the un-
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certa inty of the market dur ing the construct ion period. MacRae, 
K . M (1989) indicates tha t the construct ion t ime for a power 
generating plant takes 6 to 10 years. Wheaton, W i l l i a m (1987) 
reports tha t the construct ion t ime for a office bu i ld ing is between 
18 to 24 months. As a result, dura t ion of the construct ion, for 
a bu i ld ing can last to a very long per iod and the t ime- to-bu i ld 
effect w i l l to ta l l y affect the expected revenue and construct ion 
cost. However, Joseph T . Wi l l iams (1993), Dennis C P O Z Z A and 
Yuming L i (1994), and Yuming L i (1999) do not get this into 
consideration when they develop their model. Ch in Youngqiang 
and Sing T ien Foo (2004) assume that the construct ion t ime is 
a constant and i t is not affect by any factors. Aver B. I. ’ Agnes 
S and Alessandro Z. (2002) apply a inventory model which is so 
related to the one in Manne, A. S. (1961) to study the construc-
t ion t ime and the capacity choice. The model suggests choosing 
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a capacity to min imize the present value of the expected cost 
for a stochastic demand. However, i t assume tha t the firm w i l l 
not use active pr ic ing policy, which is not qu i t suitable for a 
developer in the real estate market . In our model, we consider 
the pre-sale strategy, so we ignore the t ime- to-bu i ld effect. 
Dif ferent studies in the l i terature may have to ta l l y difference 
in the assumption about the level of compet i t ion in the real es-
tate market . Dennis C P O Z Z A and Yuming L i (1994) assumes 
that the market is perfectly compet i t ive , therefore, they define 
their stochastic price or rental funct ion exogenously. I n their 
models, the developer is just a price taker and sell al l the houses 
into the market w i t h the spot market price. Ch iu Yoi ingqiang 
and Sing T ien Foo (2004) assume that the market is monopolis-
t ic. I n order to develop a model suits the monopol ist ic market, 
i t assumes a stochastic economic shock as the state variable 
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to dr ive the decisions and this stochastic economic shock vari-
able fol lows a mul t ip l ica t ive dif fusion process. Actua l ly , the real 
estate market is usually not perfect ly compet i t ive because of 
the h igh entrance barrier for new competi tors. However, i t is 
very d i f f icu l t to ident i fy whether the whole real estate market 
is monopoly, monopol ist ic or ol igopolist ic as the compet i t ive 
s i tuat ion among the exist ing developers, the level of entrance 
barr ier, the level of exit barriers,the bargaining power of the 
customers, the bargaining power of the constructors and mate-
r ia l providers, the level of the local government's intervent ion 
are different in different countries. Even in the same country, 
the sale of different classes of the houses may also have different 
level of compet i t ion. Generally, in may regions, like Hong Kong, 
the developers have the possibi l i ty for the adjustment of their 
own selling price base on the spot price. Deng Feng and L i is 
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study ing a revenue management methodology considering the 
flexibility of the adjustment of the selling price for a product , 
which is more suitable for a developer to make decision on the 
selling price. 
Real estate investment has always been popular over the 
wor ld so the development and t rad ing of real estate derivatives 
are under rap id growth. A B N A M R O is a pioneer in the real 
estate derivatives market in U K and the fist t ransact ion was suc-
cessfully conducted in 2005. The fist Asian proper ty derivative 
was also executed by Sun Hung Ka i Financial and A B N A M R O 
jo in t l y on 2007 in Hong Kong. The under ly ing of this derivative 
was the Hong Kong Universi ty of Hong Kong Kowloon Resi-
dent ial Price Index ( H K U - H R P I ) . Thus, a well developed house 
price index is an effective underl ing for such derivatives. 
As a result, many house price indices are developed and pro-
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v ided over the wor ld . I n order to suppor t the rap id development 
of development T h e development of the House price index is es-
sent ial ly i m p o r t a n t in the real estate l i te ra ture. S and P/Case 
Shil ler Home Price Indices (S and P /CS Is ) is a wel l known in-
dex and i t covers more t han 20 regions in U.S. The pioneering 
research of th is index was conducted by K a r l Case and Rober t 
Shil ler beg inn ing in the 1980's. i t is now a t r us two r t hy and 
au thor i ta t i ve index for t rack ing the U.S. resident ial real estate 
trends. However, th is index jus t considers the single-fami ly res-
ident ia l propert ies for calculat ion. 
The Univers i ty of Hong K o n g A l l resident ial Pr ice Index 
( H K U - A R P I ) was in t roduced by K . W . Chau for the Hong Kong 
market . I t t racks the the general price t rend of the residential 
prosperit ies in al l the areas of Hong Kong. I t is a weighted aver-
age of three sub- index，which are The Univers i ty of Hong Kong 
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Kowloon Residential Price Index ( H K U - K R P I ) , The Univers i ty 
of Hong Kong New Terr i tor ies Residential Price Index ( H K U -
N R P I ) and The Univers i ty of Hong Kong Hong Kong Island 
Residential Price Index ( H K U - H R P I ) . These three sub-indices 
capture the price trends of Kowloon, New Terr i tor ies and Hong 
Kong Island respectively and they base on the actual transac-
t ion of the pr ivate residential properties in the corresponding 
region. The market values weights are approximated by to ta l 
rateable values of completed residential uni ts in each sub-region 
because the rateable values and the market values of the res-
ident ial unties are highly correlated w i t h each other. A l l the 
property t ransact ion data is recorded in the database of the 
Land Registry. E P R C has brought the data in electronic f rom 
the land Registry and then i t offers such data for the index cal-
culat ion. The rules for the index generation are set to minimize 
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the index revision matters, el iminate the data dev iat ing f rom 
the market prices and make adjustment for the difference in the 
qual i ty of the properties. 
I n fact, a well designed house price index can reflect all the in-
fo rmat ion regarding the real estate market as well as the market 
expectat ion about the future house price and construct ion cost, 
fu ture supply and demand, and the changes in the factors that 
may influence the real state market. I t is not only essential for 
the development and t rad ing of the real estate derivatives but 
also impor tan t for the decision making on a real estate project 
and the t rad ing in the houses. The development of the real es-
tate derivatives urge the development of the house price index 
to be more informat ive and realistic. As a result, i t can be re-
gard as a reasonable reference point for the decision making on a 
real estate project regarding the house price, construct ion fees, 
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the expectat ion of the demand and supply and so on so for th. 
The development of the house price index may provide a new 
di rect ion for the model development of a real estate project . 
• End of chapter. 
Chapter 3 
The Model 
3.1 The Preliminaries 
I n order to make our model more realistic for the real estate 
market in Hong Kong and other cities w i t h similar characteris-
tics, we consider the f inite t ime horizon for the investment t ime. 
A lower bound and upper bound for the capacity choice are also 
take into consideration. We assume that the developer depends 
on the pre-sale strategy for revenue generation and the pre-sale 
28 
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scheme w i l l be stated w i t h the s tar t ing t ime of the construct ion 
simultaneously. The developer w i l l have a flexibility for sett ing 
her sell ing price base on a reference spot market price. The ma-
jor notat ions are showing in the fol lowing: 
Notations : 
X{t) : reference house price index at t ime t 
N : max imum capacity specified in the contract 
TV : m i n i m u m capacity specified in the contract 
N{t, X{t)) : the capacity choice at t ime t 
Tt : the matu r i t y of the star t ing t ime of the real estate project 
"0, Ti)] : the t ime window for the s tar t ing of the real estate project 
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T : the feasible s tar t ing t ime of the project 
ts ： the s tar t ing t ime of the sell ing strategy 
tg, Ts] : the t ime window for the selling strategy 
r f . risk free interest rate 
V{t, N, X{t)) : the present value of the to ta l revenue at t ime t 
C{t, N, X{t)) : the present value of the to ta l cost at t ime t 
v{x, n) : the terminal value of the houses 
入(t，: the Poisson arrive rate of the customers 
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3.2 The problem setting 
I n this section, we follow Deng, Feng and Li 's spir i t and intro-
duce a general model so as to make decisions for a real estate 
developer on her investment strategies. The developer now has 
an investment oppor tun i t y which is to bu i ld and sale real estate 
propert ies fo l lowing the constraints in a certain area. To ensure 
the o p t i m u m use of lands w i t h i n the f ramework of development 
plans, lease condit ions contain requirements which control the 
use and the extent of the development. For instant, a bu i ld ing 
covenant requires tha t the developer must start construct ion 
w i t h i n a specified period. As a result, i t is more reasonable to 
assume tha t the s tar t ing t ime of the construct ion or investment 
should be w i t h i n a f ini te t ime horizon [0, TJ . J l is the matu-
r i ty of the s tar t ing t ime of construct ion and i t is given in the 
contract. 
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The t ime- to -bu i l d effect is an impo r tan t p rob lem in the real 
estate mark te . MacRae，K.M (1989) indicates t ha t the construc-
t i on t ime for a power generat ing p lant takes 6 to 10 years. 
Whea ton , W i l l i a m (1987) reports tha t the const ruc t ion t ime for 
a office bu i l d ing is between 18 to 24 months. As a result, the 
du ra t i on of the const ruct ion for a bu i ld ing can last to a very long 
per iod. The value of the project w i l l vary dur ing th is per iod. I n 
order to min imize the value f luc tuat ion and uncerta inty, pre-sale 
is a preferable strategy. I n addi t ion, some developers rely on the 
pre-sale strategy as their ma jor f inancing source. Thus, we also 
consider the pre-sale strategy in our model. The pre-sale strat-
egy should be w i t h i n a narrow t ime window [tg, T^], otherwise, 
i t w i l l lose its p r imary funct ions ment ioned above, we assume 
tha t the pre-sale scheme w i l l be started w i t h the s tar t ing t ime of 
the construct ion simultaneously so tg equals to the s tar t ing t ime 
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of the construct ion, and the t ime horizon of the sell ing strategy 
can be regarded as [r, T5], where r G [0, T^]. The decision on 
the const ruct ion capacity N is exactly the in i t ia l capacity in the 
pre-sale strategy. I n other words, the decisions on the s tar t ing 
t ime of the construct ion and the bu i ld ing capacity are equiva-
lent to the decisions on the star t ing t ime of the sell ing strategy 
and the in i t ia l capacity of strategy. 
in our model we assume that the developer is r isk-neutral . 
Thus, she tries to maximize the profi ts generated f rom selling 
N uni ts of houses through the pre-sale strategy. The prof i ts are 
measured by the difference between her revenues and costs of the 
project. I n addi t ion, classic l i terature on real real estate finance 
and economics usually considers a certain number of uni ts as 
one group whi le pr ic ing their values. A developer have to make 
decisions on the investment t ime and construct ion capacity at 
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the same t ime in i t ia l ly . However, she does not have to sell al l the 
propert ies at one point of t ime in i t ia l l y or in the future. She can 
sell some at one point of t ime, and then sell other unites later so 
as to maximize her u t i l i t y and meet the f inancing requirements 
in the meant ime. U t i l i t y max imiza t ion is equivalent to prof i t 
max imiza t ion because we assume tha t the developers are risk 
neutral . 
The ma in difference between this selling strategy and the cur-
rent ones is tha t we take the capacity-varying effects into con-
siderat ion for the pre-sale strategy. The remaining capacity w i l l 
changed over t ime and the amount of the remaining capacity 
w i l l influence the decision on the sett ing of the selling price. I t 
means tha t the developer has to adjust her sell admission level 
over t ime when the remaining capacity changes. However, the 
construct ion capacity or the to ta l capacity at the in i t ia l point 
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of the s t ra tegy cannot be changed once the pro jec t is star ted. 
I n the mode l we assume tha t the real estate market is not com-
plete and i t is not per fect ly compet i t ive. Di f ferent customers 
have di f ferent expectat ions about the sell ing price of the houses 
bu t they have the same reference po in t . The demand of the cus-
tomers should be price sensitive. Ac tua l l y , these assumptions 
are reasonable in the real estate market . 
We suppose tha t the reference price X{t) is exogenous and 
fol lows a stochastic d i f fusion process at t ime t G [0, T ] : 
dX{t) = f i { t , X{t))dt + a{t,X{t))duj{t) (3.1) 
where uj{t) is a s tandard scalar B rown ian Mo t i on . X{t) is de-
noted to be X, wh ich is the reference house price at t ime t . x can 
be a house price index, wh ich reflects al l the relevant in fo rmat ion 
about the real estate market inc lud ing the market expectat ion 
CHAPTER 3. THE MODEL 36 
about the current and future house price and construct ion fee. 
I t is an exogenous and observable factor, therefore, x is not af-
fected by the current selling price and construct ion fee of the 
real estate project we are considering. / i ( t , x) is called the dr i f t 
te rm and a(力，x) is the noise intensity measuring the volat i l i ty, 
^ ( t , x) and cr(t, x) are defined in domain Q = [0，T] x i?十 ,where 
R+ = G R\y > 0} and R is the one-dimensional real Eu-
clidean space. 
Because of the unique features of the real estate properties, 
the market demand is uni t -by-uni t , so we assume that the de-
mand comes as a random sequence of Poisson arrivals w i th 
mean arrival rates influenced by the spot price X{t) and pre-
determined reward the developer charges. The decision valuable 
can be continues or discrete. For the continuous case, the de-
veloper has to choose the decision valuable a f rom [ a ,司 .T h e 
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p r e m i u m func t i on / (力，x, a) is decreasing in a at the state [t, x): 
f { t , x,ai) > f{t,x,a2) 
where a i > a2. For the discrete case, we assume tha t the de-
veloper has K pre-determined premiums or discounts [ f i { t , x ) , f认t, x),…/八‘(力,x). 
They are set in a decreasing order: 
f l i t , x ) > / 2 ( t , x ) > ... > fK{t^00) 
The price sensi t iv i ty of the proper ty buyers is reflected in the 
fo l lowing Poisson arr iva l rates: 
x) < 入2(力’ X) < ... < Xxitj oc) 
Therefore, the higher the p rem ium the developer charged, the 
lower the demand . As ment ioned in Mank iw , N. G. and Wei l , D. 
(1989), and Raymond Y . C. Tse, C. W . Ho and Ganesan(1999), 
the demand for the houses is negatively related to the house 
price. As a result, th is set t ing can reflect the real i ty in the real 
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estate marke t . 
I n order to repay the loans by the m a t u r i t y date, or meet 
other f inancia l and regulatory requirements, we assume tha t the 
unsold uni tes at the end of the sell ing st rategy Ts should be sold 
at the market pr ice X [ T s ) w i t h a discount. The te rm ina l value 
is v{n, X{Ts)), where n is the unsold un i ts at Tg. I n order to 
a t t rac t more demands, the developer has to sell the houses lower 
t han the spot price so as to a t t rac t more customers to buy your 
houses. 
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3.3 The optimal selling strategy and struc-
tural properties 
Given the above settings for the model, we first address the 
op t ima l sell ing strategy in this session. Fol lowing the dynamics 
of the reference spot price and market demand, we can obta in 
the op t ima l selling strategy expl ici t ly, and discuss its s t ructura l 
properties which provide managerial insights for the developers. 
3.3.1 The optimal selling strategy 
By Deng, Feng and Li , for a given internal funct ion v{n, x ) , 
we denote the value funct ion of the under ly ing Markov decision 
process as n, x ) , which is the present value of the expected 
opt imal revenue of selling n units houses w i t h i n the remaining 
interval [t, Tg]. Then, the fol lowing lemma ensures that the op-
t ima l i t y equations are sufficient for the model opt in ia l i ty in this 
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discrete reward sett ing. 
L e m m a 1 Suppose tha t for any integer n > 0, there exists a 
cont inuous and piecewise di f ferent iable func t ion n, x) such 
t ha t V{t, 0, x) = 0，V { T , n , x) = x) and 
C V(t, n, x ) + max x)[V{t, n—l,x) — V{t, n , x)] = 0 
(3.2) 
Where £ is a parabol ic operator : 
T h e n V{T, n, x) — n , x) and the op t ima l cont ro l can gen-
erate the decisions tha t maximize the left hand side of (3.2) 
We denotes the marg ina l revenue as DV{t, n , x) = V{t, n , x)— 
V(t, n — 1,0：) and V{t, n , x) also follows the fo l lowing two lem-
mas: 
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L e m m a 2 F o r n > 2, i f DV〔t, n , x) < DV{t, n — then 
CDV{t,n,x) < 0. 
Lemma 3 I f CDV(t,n - < 0, then DV(t,n,x) < 
D V { t , n - l , x ) . 
The above 3 lemmas were detai led proved by Deng Feng, L i 
and the proofs are very compl icated, so we jus t skep the proofs 
here. 
The f irst constra int in Lemma 1 indicates tha t the developer 
has no revenue at t ime t i f she has no unsold houses on hand. 
The second one means tha t the developer also has no revenue i f 
the spot price is zero even though she has unsold un i ts on hand. 
I f k is the index of the op t ima l reward under the state (t, n, x), 
the op t ima l i t y equat ion (3.2) can be reduced to: 
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CV{t,n,x) + \k{t,x)[V{t,n- l , x ) 一 V{t,n,x) + fk{t,x)] = 0 
(3.3) 
I f V{t, n , x) sat isfy (3.2) , i t must has the s t ruc tu ra l propert ies 
showing in Theorem 1 as fol lws: 
Theorem 1 The marg ina l prof i t of the remain ing capac-
ity, DV(t, n , x) = V{t, n , x) — V[t,n — 1, x ) decrease in n and 
V{t, n, x) is concave in n. 
Proof. W h e n n = l , DV{t,l,x) = V { t , l , x ) — V{t,0,x)= 
V{t, 1, x ) because V{t, 0, x) = 0. Pu t n = 1 in to the op t ima l i t y 
equat ion: 
CV{t, l , x ) + Xk{t, a:)[0 — V(t, + Mt, x) ] = 0 
Therefore, 
/ : V ( t , l , x ) < 0 
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Theorem 1 is proved for n = 1. Because of L e m m a 6, DV{t, 2，x) < 
D V ( t ^ so when n = 2 is also proved. A n d then, f r om 
L e m m a 5, we know tha t CV{t^ 2, x) < 0. B y analogy w i t h the 
above argument , 
DV{t, 3’ x) < DV{t, 2’ x) and CV{t, 3 , x ) < 0 
Recursively, we can find tha t : 
DV(t,n,x) < DV{t,2,x) and CV{t,n,x) < 0 
F ina l ly , Theorem holds for any n > 1. 
Theorem 1 impl ies tha t a real estate developer need to take 
the capaci ty-vary ing effect in to considerat ion when she chooses 
the op t ima l sell ing strategy. The developer has to change its 
p rem ium or discounts base on the current market reference price 
X if the remain ing capacity n changes so as to maximize her 
to ta l revenue and satisfy (3.2). 
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3.4 The optimal investment decision-Making 
regarding capacity and investment time 
Choosing an op t ima l selling strategy is impor tan t but i t is not 
the p r ima l goal of a developer. She aims to maximize her f inal 
profi ts. As a result, after developing a op t ima l selling strategy 
for the developer and addressing its s t ructura l propert ies in the 
previous par t , we now have to consider the in i t ia l construct ion 
capacity and the s tar t ing t ime of the construct ion. Here, we 
assume tha t the construct ion capacity is the same as the in i t ia l 
capacity of the selling strategy and the developer has to start the 
pre-sale strategy simultaneously w i t h the start of the construc-
t ion. Thus, the decision-making regarding the s tar t ing t ime of 
the construct ion and the construct ion capacity is equivalent to 
the decisions on the star t ing t ime of the selling strategy and the 
in i t ia l capacity of strategy. 
CHAPTER 3. THE MODEL 45 
Like the s i tuat ion in Hong Kong, the government restr icts the 
construct ion capacity and the s tar t ing t ime of the investment 
so as to cater the need of the long te rm development in the 
city. The capacity choice is no longer w i thou t l im i ta t i on in this 
paper. The developer has to make decision for the capacity 
choice w i t h i n a feasible interval which is specified in the lease 
contract. They have to start their project w i t h i n a feasible t ime 
horizon which is also indicated in the contract 
3.4.1 The optimal decision on the construction capac-
ity 
I f the construct ion is started at t ime r , the selling horizon is also 
started at the same t ime and r 二 ts. We denote the opt imal 
bui ld ing capacity as 7V(T, X) at state ( r , x) ,where x = 
The opt imal expected prof i t g{r, N{T, X),X)) at t ime ( r , x) is: 
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g(T，N{T,x、,x) 二 m a x E { V [ r , N,x) - C{T, N,X)] (3 .4 ) 
N<N<N 
where x — X { r ) is the reference house price at t ime r and 
X { r ) fol lows a stochastic process (3.1). N is the feasible ca-
pac i ty choice at t ime r and i t is inf luenced by the house price 
index x. N and N_ are the m a x i m u m and m i n i m u m capacity 
specified in the contract for the real estate pro jec t respectively. 
y ( r , N, x) is the present value of t o ta l revenue under the opt i -
ma l sell ing strategy, wh ich is the solut ion of (3.2). The s tar t ing 
t ime for the sales strategy is also r , because we assume tha t the 
s ta r t ing t ime for the construct ion is also the s ta r t ing t ime of the 
sales strategy. Th is revenue depends on the s ta r t ing t ime r , the 
capacity choice N and the house price index X{t). C (T , TV, x) is 
the present value of the to ta l construct ion cost to bu i ld N uni ts, 
inc lud ing the f inancing cost, at t ime r . The to ta l construct ion 
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cost can be f ixed at the s tar t ing t ime of the project i f the devel-
oper signs a contract w i t h the constructor. We assume tha t the 
contract is signed at the beginning of the construct ion. This cost 
also depends on the capacity choice and the house price index. 
We assume tha t this cost funct ion is l inear, so i t is increasing 
in the house price index and the construct ion capacity. Thus, 
the developer's decision on the capacity is to choose an opt ima l 
capacity w i t h i n a feasible range to maximize the expected prof i t 
p ( t , N, X) = V(T，TV, x) - C{T, N, X) 
Theorem 2 For each fixed sate {t, x), the expected prof i t 
p{t, N, x) is a concave funct ion of the construct ion capacity N 
and the marginal expected prof i t is decreasing in N . 
Proof. Theorem 1 indicates that V{t, n, x) is a concave func-
t ion of the remaining capacity n. I t is also t rue at the in i t ia l 
point T of the selling horizon, so N^ x) has to concave in 
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N, where N is the remaining capacity at r . I n addi t ion, we 
assume tha t the cost funct ion is linear in N . The difference 
of a concave funct ion and a linear funct ion should be concave, 
therefore, g{t, N,oc) is concave in N. Obviously, the marginal 
expected prof i t is decreasing in N if N, x) is concave in N‘ 
As ment ioned in Deng Feng and L i , there is no a close form 
solut ion for formula (3.2), so we can not find out a close fo rm so-
lu t ion for formula (3.4). Bu t , the concavity of g{t, N, x) deduces 
tha t there exists an op t ima l x) to maximize the g{t, N, x) 
at (T, X). 
3.4.2 The optimal decision on the starting time of the 
investment 
After set t l ing the opt imal decision on the capacity choice, we 
focus on the s tar t ing t ime of the investment in this session. In 
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our model, we fol low Joseph T . Wi l l iams (1993)'s assumption 
tha t the s tar t ing t ime of the investment and capacity choice 
decisions should be make simultaneously. However, the star t ing 
t ime of the real estate projet is restr icted in a feasible t ime 
horizon by the government, and so we have to consider the case 
of the finite t ime horizon, [0, T^], instead of the inf ini te t ime 
horizon discussed in the existing studies such as Wil l ians(1993), 
and Dennis C P O Z Z A and Yuming L i (1994) 
Af ter tak ing the opt imal star t ing t ime into consideration, the 
present value of the f inal opt imal prof i t , x ) , of the project 
should satisfy the fol lowing equation: 
= max E{e—r(T-〜(T，7V(T,X(T))，X(T))| X{t) = x} 
t<T<Ib 
(3.5) 
Where r is the feasible start ing t ime between the matu r i t y 
and the current t ime t. The decisions on the star t ing t ime of the 
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pro jec t and the capaci ty choice should be made at the same t ime 
due to the un ique features for a real estate pro jec t . We can ob-
serve the marke t pr ice index at t ime t and denote i t by x , wh ich 
fol lows the stochastic process. The interest rate is assumed to 
be constant over the t ime horizon, ^ ( r , X { r ) ) , X { r ) ) is 
the present value of the expected net revenue i f s ta r t i ng the 
pro ject at t ime r Thus, i t is mu l t i p l i ed w i t h the discount fac-
tor e ( 一 u n d e r the cont inuous compound ing rule to get the 
present value at the current t ime t of the expected pro ject of 
commencing the pro ject at a fu ture t ime r > t. A t th is step, 
we should choose an op t ima l r to maximize the f inal prof i t . I f 
we let G ( T , 7 V ( T , X ( r ) ) , X ( r ) ) = e — " 卜 〜 ( 丁 ， ； ^ ( 了 ) ） ， 
^{t, x) is s impl i f ied to (3.6): 
= m a x E [ G { r , N { r , X { r ) ) , X { T ) ) \ X { t ) 二:r] (3.6) 
t<T<Tb 
Therefore, = E[G{T\ N { r \ X { R * ) ) , X { t ) = x] at 
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the o p t i m a l s ta r t i ng t ime r * . 
Obviously, the const ruc t ion decision p rob lem descried above 
is equivalent to an op t ima l s topping problem. B y inspect ion, 
<l> > G. The op t ima l pol icy of s ta r t ing pro ject is to determine: 
r * 二 i n f { t G : = G{t,x)} 
Accord ing to a s tandard approach in Dar re l l Duff ie (2001), 
let 
D = {{t,x) e R^ X [0,Tt] : = G{t,x)} 
denote the exercise region by which the pro ject must s tar t . Tha t 
is, when ^{t, x) = G{t, x ) , i t is op t ima l for the developer to bu i ld 
N{t, x) uni ts . The complement of D, D, is the cont inuat ion 
region, is shown as follows: 
D = {{t,x) e R^ X [0, Tt) : ^{t, x) > G(t, x)} 
I n order to solve the op t ima l exercise problem, break R^ x 
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0, l y in to these two sets. The developer has to s tar t the con-
s t ruc t ion when the state (t, x) is in D, and otherwise to wai t , 
we can suppose tha t ^ is suff ic ient ly smooth for an app l ica t ion 
of I to 's Formula. Then, by referr ing to Dar re l l Duf f ie (2001), 
X{s)) = ^ ( t , X{t)) + j : X{u))du^ 
j : X{u))a{u, X{u))dij{u) (3.7) 
where C is an operator to act on a smooth func t ion h{t, x) show-
ing in the fo l lowing: 
£/i(t’ x) = ht{t, x) + / i ( t , x) + x) 
Also, (3.7) holds when s is replaced w i t h a random stopping 
t ime r . Therefore, for any stoping t ime r > t , 
as j'l X{u))a{u, X{u))duj{u) is a mart ingale, x)= 
E[^{T,X{T)] - E 5LZ^[U,X{U))DU. As a result, t ha t < 0 
for al l {t,x) ensures > E[^{T,X{T)\. I n addi t ion, Z^ = 0 
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for al l {t, x) in D. A l ternat ive ly , the op t ima l i t y condi t ion on 
Rk X [0, Tt) is given by 
= 0 (3.8) 
(3.8) indicates tha t C ^ = 〇 wherever 少〉G , and conversely 
tha t 企 = G wherever C ^ < 0. Obviously, i t is a Bel lman 
condit ion. We also need a boundary condi t ion 
to solve (3.8) for 
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However, the problem of s tar t ing a project is an op t ima l stop-
ping t ime prob lem over the finite t ime horizon, and therefore, 
i t does not have a close fo rm solution. We have to rely on a 
computat iona l method to find out a numerical solut ion. We w i l l 
present a numerical analysis of the problem in the next session. 
• End of chapter. 
Chapter 4 
Numerical analysis 
I t is so di f f icul t for us to find out a close fo rm solut ion for the 
op t ima l capacity and the opt imal s tar t ing t ime in our model, 
therefore, we w i l l thoroughly analyze our model and gain some 
insights into the properties of the model th rough a numerical 
example. 
55 
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4.1 The setting of the numerical example 
A real estate developer has just signed a lease contract w i t h the 
government. She can now use the land under the requirements 
specified in the contract, such as the feasible capacity and start-
ing t ime of the instruct ion. The contract indicated tha t this 
developer has to start construct ion w i t h i n 10 months f rom now. 
The feasible bu i ld ing capacity is f rom 30 uni ts to 100 uni ts so N 
and iV equals to 30 and 100 respectively. The houses are bui ld 
and sold in to standard units. Th is developer w i l l choose debt 
f inancing for this project so she must repay the debt on or before 
the ma tu r i t y date. She borrow money f rom a bank at the start 
of the project and the durat ion of the debt is assume to be 10 
months f rom the star t ing t ime of the project. I n addi t ion, she 
wants to reduce the price uncertainty due to the t ime- to-bui ld 
effect. As a result, she w i l l use the pre-sale strategy. The end 
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of the sel l ing st rategy is set as the same as the m a t u r i t y of the 
loan. Thus, she may pre-sale the houses w i t h i n 10 months once 
the pre-sale scheme is started. I n order to help her to make 
decisions on her capaci ty choice and the s ta r t i ng t ime of the in-
vestment. We assume tha t the market house price index or the 
spot reference house price X{t) follows a geometr ic B rown ian 
mot ion : 
dX{t) = fiX{t)dt + aX{t)duj{t) 
where j i = 0.1 and a = 0.25. 
For s impl i f icat ion, we denote X(t) as x. The developer has 
the flexibility to set the sell ing price at p rem ium or discount to 
the reference price. The reference price is assumed to be f rom 0 
to 1000 thousands dollars per units. I t is an exogenous factor. I t 
reflects al l the in fo rmat ion in the market , inc lud ing the market 
expectat ion about the house price and const ruct ion cost. The 
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developer can regard i t as a benchmark for pr ice set t ing and add 
a p r e m i u m or discount on i t，and then find out her own sell ing 
price. The const ructor can also regard x as a reference for the 
cons t ruc t ion fee. x is not affected by the decision on the sell ing 
price and const ruc t ion cost for th is real estate pro jec t . The 
pre-determined sell ing prices are d iv ided in to 10 levels by the 
developer , so the customers are also classified in to 10 segments. 
These p remiums (discounts) are funct ions, f k { t , x)，of the t ime 
and market price. The k - t h p rem ium at state (力’ x) is 
where k 二 1,2,3,4，5’6’7’8，9,10. Thus, the p r e m i u m func t ion 
is increasing in x and i t swings f rom 0.05x to O.lx. The mean 
arr ival rate of the demand follows a Poisson process and i t is 
affected not only by the spot price bu t also the premiums or 
discounts the developer charged. As ment ioned in M a n k i w , N. 
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G. and Wei l , D. (1989), and Raymond Y . C. Tse, C. W . Ho and 
Ganesan(1999), the demand for the houses is negatively related 
to the house price. When the price is lower, more customer w i l l 
buy the houses. When the house price is too high, the arr ival 
rate w i l l decease because many customers can not afford such 
high house price and they w i l l rent other houses instead of buy-
ing the houses f rom this developer. Base on this characteristic, 
we defined our arr ival rate showing as the fol lowing: 
Xk{t,x) =ae—b(奸 A(⑶） 
units per mon th under the A:力"premium, where a 二 1〇，6 = 
0.005. W h e n your price is higher, the arr ival rate should be 
lower. The risk-free interest rate is r = 4% and i t is a constant 
over the t ime horizon. 
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The present value of the to ta l construct ion cost per un i t is a 
discounted spot house price: 
DI X X 
where D\ — 0.8 in our example. Therefore, i f we construct N 
units, the to ta l construct ion cost N, x) should be: 
C{t, TV, x ) = A^ X X X = 0.8 X yv X X 
This cost funct ion is linear and i t is increasing in the discount 
factor, the construct ion capacity and the spot price. I f the devel-
oper bu i ld more uni ts or the current market price of the houses 
are higher, the construct ion fee should be higher, therefore, this 
sett ing makes sense. 
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A t the end of the sell ing t ime hor izon, the developer w i l l sell 
al l the remain ing un i ts to the market w i t h a discount so as to 
repay the loan on t ime. Th is te rm ina l value func t ion is set as 
the fo l lowing: 
x) = ( 1 — d2{n)) x n x x 
Where d2{n) is a discount for x. Th is discount is affected 
by the remain ing capaci ty n. I f the developer has more reaming 
capacity, she has to give more discount to the customers so as to 
increase the demand. I n our example the te rm ina l value func t ion 
is: 
f i 
(1 — 0.25 X = ) X n X X 
\ N ) 
Where N = 100 in our example. I n the worst case, i f the 
op t ima l i n i t i a l op t ima l capacity is 100 and the developer sells 
no th ing dur ing the sell ing horizon, she has to sell al l the 100 
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units to the market w i t h a 25% discount. Of course, i t is a very 
extreme case and i t unl ikely occurs in the real market. I f she 
has no unsold uni ts on hand at t ime t, her revenue should be 
zero and i t is independent on the market price. Even though 
she has unsold uni ts on hand, the houses is valueless, she also 
has no revenue. 
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4.2 The numerical results 
4.2.1 The optimal capacity 
Because of the mat ters of project budget ing and the design of 
the bu i ld ing s t ructure such as the foundat ion, the decision on the 
bu i ld ing capacity should be made before the start of the project 
and i t can not be changed after the tha t . The op t ima l capacity 
is affected by the feasible range set by the government and the 
prof i t . I n order to find out the op t ima l capacity for this project , 
we have to find out the expected prof i t . The fo l lowing table 
shows the prof i ts for the reference prices 400000, 500000，600000, 
700000 and 800000 f rom column 1 to co lumn 5 respectively. The 
corresponding capacity is f rom 55 to 86 in the table. 
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Reference Pr i ce 400000 500000 600000 700000 800000 
C a p a c i t y p r o f i t p r o f i t p r o f i t p r o f i t p r o f i t 
55 10252089 10236577 9593727 8493771 7052285 
56 10367951 10334481 9665957 8534509 7057006 
57 10480910 10429018 9734420 8571126 7057290 
58 10590966 10520189 9799116 8603623 7053134 
59 10698120 10607995 9860045 8632000 7044540 
60 10802371 10692435 9917209 8656257 7031507 
61 10903721 10773509 9970607 8676396 7014036 
62 11002169 10851219 10020239 8692416 6992126 
63 11097715 10925564 10066107 8704318 6965778 
64 11190361 10996545 10108209 8712101 6934991 
65 11280105 11064162 10146547 8715768 6899766 
66 11366949 11128415 10181122 8715316 6860101 
67 11450893 11189304 10211932 8710748 6815999 
68 11531936 11246831 10238979 8702063 6767457 
69 11610080 11300994 10262263 8689262 6714477 
70 11685324 11351796 10281784 8672344 6657059 
71 11757668 11399235 10297544 8651310 6595201 
72 11827114 11443312 10309541 8626159 6528905 
73 11893661 11484028 10317776 8596892 6458170 
74 11957309 11521383 10322251 8563508 6382996 
75 12018059 11555377 10322965 8526008 6303383 
76 12075912 11586010 10319918 8484392 6219332 
77 12130866 11613283 10313111 8438658 6130841 
78 12182924 11637196 10302545 8388808 6037911 
79 12232084 11657750 10288220 8334841 5940543 
80 12278347 11674945 10270135 8276757 5838735 
81 12321714 11688781 10248292 8214556 5732488 
82 12362184 11699259 10222692 8148238 5621801 
83 12399759 11706378 10193333 8077802 5506676 
84 12434438 11710140 10160217 8003248 5387110 
85 12466221 11710544 10123343 7924578 5263106 
86 12495109 11707591 10082712 7841789 5134661 
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As we can see f r o m th is table, the prof i t is concave in the 
bu i l d ing capacity. As a result , i t is possible for us to find 
out a o p t i m a l capaci ty for each corresponding given reference 
price index. Obviously, the m a x i m u m prof i ts f r o m the t h i r d col-
u m n to the s i x th co lumn are $11710544, $10322965, $8715768， 
and $7057290 respectively, therefore, the corresponding op t ima l 
bu i l d ing capaci ty should be 85，75, 65 and 57. Ac tua l l y , the 
m a x i m u m prof i t for the second co lumn should be $12624869 
and i ts op t ima l capaci ty should be 95 wh ich is not showing in 
the table. 
The op t ima l capaci ty is in a decreasing t rend when the ref-
erence price increases. Th is means tha t the developer w i l l bu i ld 
less when the reference price is very high. The ma in reason for 
th is t rend is difference in the increasing rate of the revenue and 
the const ruct ion cost when the reference price is changed. 
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Figure 4.1: The revenue and the cost under different reference prices 
Figure 4.1 shows tha t the increase in the cost is larger than 
the increase in the revenue when the reference price is changed 
f rom 200 to 300. The prof i t is the difference between the revenue 
and the cost. When the increase in the cost is larger than the in-
crease in the revenue, the max imum point of the prof i t w i l l shift 
to the left if i t is p lot ted in Figure 4.1 , therefore, the opt imal 
capacity w i l l be smaller when the reference price is larger. Ac-
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tual ly, the increasing rate or decreasing rate in the house price 
and in the construct ion cost may be different in the real estate 
market . The pr ivate proper ty price in Hong Kong decreased 
more than 50% f rom the peak in 1997 w i t h i n four years, but the 
construct ion cost just decreased 20% at the same period. 
Under the sett ing in our example, the op t ima l capacity for 
each reference price is shown in Figure 4.2. 
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Figure 4.2: optimal capacity 
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W h e n the price is low, more people are interested in buy ing 
the houses and the demand possibly excesses the supply. As a 
result, the develop wants to bu i ld as more as possible to fu l f i l the 
demand and maximize the final prof i t . However, the bui ld ing 
capacity can not excess the max imum capacity set by the gov-
ernment so she just can set the opt imal capacity to be 100 units 
at lower price. Fortunately, the decision on the op t ima l capacity 
in this example is not affected by the m i n i m u m capacity which 
is 30 in our sett ing. The m in imum capacity is not applicable 
for zero reference price , which is a too extreme case. Base on 
our sett ing, bo th of the revenue and the construct ion cost are 
zero when the spot price is zero. We wi l l analyze the effects of 
the capacity constraints in more detai l later. A f te r f inding out 
the opt imal capacity, we may easily find out the corresponding 
prof i t , which is the solut ion of formula (3.4), and i t is shown in 
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Figure 4.3. The shape of this prof i t is concave in the reference 
price. 
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Figure 4.3: Profit under optimal capacity 
4.2.2 The optimal starting time of the construction 
After signing the contract w i t h the government, the developer 
has the f lex ib i l i ty to start the investment at any t ime w i th in 
the 10 months. I f the developer does not start the project on 
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or before the expirat ion, she has to report to the government 
and apply for extension. However, we do not know whether the 
appl icat ion for extension is successful. Under this circumstance, 
we may s imply regard tha t the developer holds an opt ion w i t h 
10-month va l idat ion and she may choose to early exercise or not. 
The problem of finding out the opt imal s tar t ing t ime of the real 
estate project is equivalent to f ind out the free boundary for 
this opt ion. The so called free boundary or the op t ima l exercise 
curve is the curve of the best t ime for exercising an opt ion. 
As indicated by Sunbu Kang, Taekkeun K i m and Yonghoon 
Kwon, i t is too di f f icul t to find out a close f rom solut ion for the 
free boundary, therefore, apply ing the f ini te difference method 
for f inding out the free boundary is common in the l i terature. 
The range of the reference price is f rom 0 to 1000 thousands 
dollars . The w i d t h for each price segment is 0.5. The t ime 
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window is f rom 0 to 10 and i t is d iv ided into 200 segments, and 
thus the w i d t h for each t ime segment is 0.05. The payoff is 
different f r om the standard Amer ican call or pu t opt ion. The 
te rmina l cond i t ion at expi rat ion is : 
where x is any reference price at t ime T . N* is the opt imal 
capacity under the corresponding X and g{T, N{T, x),x) is the 
solut ion of formula (3.4). When the reference price is zero, we 
have: 
under this sett ing, we may find out the value at each point 
in the grid. A n d then, we have to compare the value of s tar t ing 
immediately w i t h the value of s tar t ing later. I f the value of 
s tar t ing immediately is larger, the point is remarked as a early 
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exercise po in t . Final ly, we can find out al l the early exercise 
points and the free boundary is found, which is shown in Figure 
4.4. 
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Figure 4.4: Free boundary 
A l l the points on or above the free boundary , which are 
painted gray, should be early exercised. The shape of the free 
boundary seems to be decreasingly concave. I t means that if the 
reference price reaches the boundary or higher, the developer 
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need to star t the construct ion and bu i ld the op t ima l capacity 
found in the previous session so as to maximize its final prof i t . 
I f the reference price is low, she waits un t i l the end. 
4.2.3 The effect of the capacity constraint 
As we discussed in session 4.2.1, the op t ima l capacity choices 
are not affected by the m i n i m u m capacity TV. We t r y to change 
the range of the feasible capacity and analyze the effects in this 
session. 
Figure 4.5 shows the opt imal capacity choices when the range 
of the feasible capacity is [50, 90] and [60, 80 . 
Obviously, the opt imal decisions are not affected by the change 
of the feasible range when the reference prices are around 500 to 
700 in this case. Original ly, the opt imal decision on the bui ld ing 
capacity for the developer is below 40 while the reference price is 
CHAPTER 4. NUMERICAL ANALYSIS 74 
1001 ！ ^ 1 1 1 1 
90 J 
即- \ 1 
7 0 - 1 
BC - ISO ,80] -
〜 、 1 
二 
I 5�- 1 
401" ^ 1 
3OL ^^^！ -
2 0 ^ H 
I 1�� -
oi i 1 1 1 丨 • 
0 200 400 600 800 lOOG 
Reference Price 
Figure 4.5: Optimal capacity under different feasible range 
larger than 800. However, after the requirement of the m i n i m u m 
capacity is moved upward, such as 50 or 60, and the bui ld ing 
capacity can not be less than this requirement, the developer's 
opt imal capacity reaches the lower bound of the requirement 
at higher reference prices. She faces the similar s i tuat ion at 
lower reference price, she can bui ld less opt imal ly i f the upper 
bound of the feasible capacity is higher. I f the upper bound 
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is moved down by the government, the developer's op t ima l ca-
paci ty choice reach th is boundary when the price is lower. For 
example, when the reference price is 400, the op t ima l capacity 
should be about 95 if the upper bound of the feasible capacity 
does not exist or very large. When the upper bound is set at 90 
and 80 , th is op t ima l capacity becomes 90 and 80 respectively. 
The prof i ts under op t ima l bui ld ing capacities for the change of 
the feasible range are shown in Figure 4.6. 
From the above figure, we can see tha t the prof i t is smaller 
when the range of the feasible bui ld ing capacity is smaller. I t is 
because the prof i ts in formula (3.4) is concave in the capacity. I f 
the feasible range of the capacity set by the government does not 
include the actual max imum point of the prof i t , the developer 
just can choose the largest point in the given range which is st i l l 
smaller than the original max imum point , and thus, the profits 
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Figure 4.6: Profit under optimal capacity for different feasible ranges 
are smaller in this case. Figure 4.7 reflects the free boundary 
for each case. 
Figure 4.7 shows three free boundaries for the feasible ranges 
of the capacity [60, 80] , [50, 90] , [30,100] respectively f rom the 
top to the bo t tom, i f the reference prices on or above the corre-
sponding free boundary, the developer has to start the project 
CHAPTER 4. NUMERICAL ANALYSIS 77 
1000I ‘ 
<1> 
t — I 
S 5 0 0 - — 
% [60.80] 
. . 、 . . 一 . 、 . . . - . . . . 




0 5 10 
T ime 
Figure 4.7: Free boundary for different feasible ranges 
immediate ly so as to maximize her final to ta l prof i t . Figure 4.6 
indicates tha t the op t ima l profits of formula (3.4) is smallest for 
the range of [60, 80] and then is for [30,100] under the same ref-
erence price. The range of [30,100] generates the largest prof i t 
among these three cases for a fix point of reference price. How-
ever, Figure 4.7 shows that the free boundaries move up while 
the prof i t curve is smaller. In addit ion, Figure 4.7 shows that 
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the continues regions for these three cases are all in the lower 
reference prices and the profi ts are in the increasing t rend at the 
points of the lower reference prices , which is shown in Figure 
4.6. Mov ing up of the free boundary for lower prof i t curves in-
dicates tha t the developer want to wai t for a higher reference 
price and then start the project so as to increase her prof i t . 
4.2.4 The effect of the time constraint 
I n this par t , we analyze how the shape of the free boundary is 
affected when the t ime is approaching 71. Figure 4.8 shows the 
free boundary when the t ime to ma tu r i t y of the construct ion is 4 
months. Compar ing w i t h Figure 4.4, the free boundary is moved 
down a l i t t le b i t . I t means that the developer can not wait for 
higher reference price and chooses to start the construct ion at 
lower reference price when the t ime is approaching the matur i ty . 
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• End of chapter. 
Chapter 5 
Conclusion 
Real estate development is essentially impor tan t for the eco-
nomic growth in a city. However, the decision mak ing on a real 
estate project regarding the investment t ime and bui ld ing ca-
pacity is a di f f icul t task. Dur ing the decision mak ing process, 
the developer has to comply w i t h the constraints set by the gov-
ernment in the contract. The leases contract requires that the 
developer has to start the project by a give date. The bui ld ing 
capacity should be in a feasible range. 
80 
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I n order to help a developer to make decisions on the real 
estate project w i t hou t v io la t ing the unique features in the real 
estate market , we developed this general f ramework for them. 
Different f rom the exist ing models, Our model focus on the finite 
t ime hor izon and the capacity choice should be w i t h i n a given 
feasible range. Actua l ly , Many exist ing models ignore these fea-
tures in the area of real estate. 
Pre-sale strategy is commonly accepted in the l i terature as 
i t is a feasible f inancing strategy for a developer. I t can help a 
developer to hedge against the house price depreciation dur ing 
the construct ion. In addit ion, i t benefits not only a developer 
but also the customers because i t can also help a customer to 
hedge against the house price appreciation dur ing the construc-
t ion period. As a result, We consider the pre-sale strategy for 
revenue generation in our model. Our pre-sale strategy follows 
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Deng, Feng and Li 's spir i t . The pre-sale strategy is started at 
the beginning of the construct ion. The in i t ia l capacity is the op-
t ima l bu i ld ing capacity. I t is feasible for a developer to adjust 
her selling price base on the reference price and the remaining 
capacity on hand. I t is reasonable in the real estate market. 
• End of chapter. 
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